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From the inequality 1 0 ~ <  2: ,  we are likely to conclude 
that we can represent 8-digit decimal floating-point numbers 
accurately by 27-bit  floating~point numbers. However, we need 
28 significant bits to represent some 8-digit numbers accu- 
rately. In general, we can show that if 10 ~' < 2 q ', then q signif- 
icant bits are always enough for p-digit decimal accuracy. 
Finally, we can define a compact 27-blt  floating-point rep- 
resentation that will give 28 significant bits, for numbers of 
practical importance. 

2. T h e  S i m p l e  C a s e  

We can represent each of the 90 decimal integers 10, 

11, . - .  , 98, 99 by the equivalent 7-bit integer, with no 
question regarding accuracy, as follows: 

1 0  0 0 0 1 0 1 0  
1 1  0 0 0 1 0 1 1  
1 2  0 0 0 1 1 0 0  

9 7  1 1 0 0 0 0 1  
9 8  1 1 0 0 0 1 0  
9 9  1 1 0 0 0 1 1  

We can represent each of the 90 decimal fractions .10, 
.11, . . .  , .98, .99 represented by the approximate binary 
fraction rounded to 7 [)Faces: 

. 1 0  . 0 0 0 1 1 0 1  

. 1 1  . 0 0 0 1 1 1 0  

. 1 2  . 0 0 0 1 1 1 1  

. 9 7  . 1 1 1 1 1 0 0  

. 9 8  , 1 1 1 1 1 0 1  

.9 9 .1 1 1 1 1 1 1 

I. l n t r o d u c t l o n  

This paper shows that cveu fl]ough 10 ~ < fT, 27 signif- 
icant bits n.re n(>t c,~ough for 8-digit ~ floating-point ac- 
cur~wy. In at;tier words, rut h~put routine may convert an 
S-digit floating-point mm~ber into the corresponding 27- 
bit fl(~atil]g-point tmb(w, and an output  routine may 
convert the 274)it number back to the form of the 8- 
digit [tl, iHlt)(}l'; bill: the final result is riot necessarily the 
original ntmfl)er ( even it' we allow the routines to fudge the 
27th bit and the Sih digit). 

To show how lhe situa*ion arises, we ~irst consider the 
silnph} (:aSO, of! r('I)ros(?t]t, iltg 2 digits by 7 bits, in fixed- 
poiut; t~otalion. Thet~, we discuss the general case, of re- 
pruscnt.ing p (tigits by (t bits, in floating-point notation. 
\re prove *lint if 10 +' < 2 ' ; t ,  the~ q bits are enough for 
p-digit accuracy+ \pptying this rule to the g-digit problem 
(lO s < 2 'es t), xvc (,oudu(h~ that; 28 bits +~i'c enough for S- 
digit tt(:(!tlrctcy, l"inally, we (lefin(~ a (,(wnpact 27+bit float- 
it/gq)oint rcpl'(~sc ~ ~]t m that will give us the 28th signifi- 
,uut hit flw free, f(w :dl muubers of practical importance. 

Alth<~uVlt xv()('zt+~ Ve~wre~lizc the (tiscussi~m *o ally pair of 
rudi('es, we c~)t,si(ler fl<mtit~g-p(fit~t, l / t l l l l I)ers  Of radix 2 and 
If) ~nly, t'<w simt>li<'ity. \Y(~ :~h:tll ign~we i:he sign, since it is 

tt<>t t£scd it] ~t radii× cot~,+q,rsi{,+*. 

+ l,'eside+ll visi++,r +1{ l{~>t/ "l'elt't)[+t)tlI> l+~,d)ol'+ttorio8, Murr+kv 
l/ill, N+ ,l.. I)oceu~bcr 19(;5 ,l:ttlttal. 3- lfi(;7. 

We Mini/ :lbbrcviate t)imtry digit as "bit" :rod (tecimal digit 
~>; "digit" W(! shall ~mlit "sigtlifi(':~l~t " where ]Is il~tent is obviotts 
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The binary rounding error cannot exceed ±1/256.  
Therefore, a decimal fraction and its approximate binary 
fraction cannot be more than 1/256 apart. Since 1/256 
< .005, we conclude that the binary fraction m u s t  convert 
back to the original decimal fraction, if we round to 2 
decimal places. (See Section 3 for a more rigorous dis- 
cussion of rounding.) 

However, a problem arises when we try to represent the 
20 decimal numbers 8.0, 8.1, . . .  , 9.8, 9.9 by 7 bits. The 
integer digit requires 4 bits: 

8.0 1 0 0 0 . X  X X 
8.1 1 0 0 0.X X X 

9.8 1 0 0 1.X X X 
9.9 1 0 0 1.X X X 

No matter how we compute the fraction bits XXX, 
there can be only 16 distinct binary numbers. Hence, we 

can recover only 16 of the original 20 decimal numbers.  
Fk)ating-point notation does riot change the situation. The 
binary numbers become .1000XXX. 24 and .1001XXX. 24. 
Therefore, 7 bits are not enough for 2-digit accuracy. 

r r ~ l  1 t t e  same problem arises trying to represent the 
10,000,000 decimal numbers 9000000.0, 9000000.1, . . . ,  
(mo()q9o R 9999999.9 by 27 bits. The integer part  requires 
24 bits ( f a  = 8,388,608), and there can be only 8,000,000 
distinct binary numbers. Therefore 27 bits are not enough 

for S-digit accuracy. 
It' another significant bit were used in either example, 

then we would h{~ve twice as many binary numbers (more 
than enough), at interwds of 1/16 < 1/10. Then we 
could represent the fraction digit. 

3. T h e  Genera l  Case 

We have seen fi'om the 2-digit case that if 1() ~' < 2 '1, 
then q bits may not be enough for p-digit accuracy. Now 
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we m a y  ask whe the r  q + l  bi ts  are enough.  I,~ other  

words, if 10 p < '2 '>-t, are  q bi ts  enough fo r  p-digit, acctlr:tc3 ? 
Tu~:o:a~:.\r. Let a: be a;W (5'cima2 floah)y/.-poi;~t ;z~m/bcr 

with p 8ig'n#k:a'nt digits (t? > 0), Lct !] bc th~ cor;'espo;~din!] 

[)['nar!l floating-pot)rg n.umbcr, ;'o;;m/ed to (1 .</g;;;ficun[ [ //s'. 
For y, let z be [he correspo;uh:;~g deei;na~ jgo~;[/ng-po/~[ 

Oq -t 
n'u'mbe'r, 'ro'ur~,ded to p sign,/ficant digi/s, Then, ~" I0 ~' < ~ , 

toe haoe x = z, and/1  [,s aec'u.m.te to p .significant d/(lits. 
PaooF,  Since f loa t ing-point  zero ctm be defined 

un ique ly  as zero with the sma, llest p()ssible mach ine  expo- 
nent ,we Inay assume tha t  x > 0, y > 0, and  z 2> 0. There-- 
fore, we ean find integers 'm and n, such t ha t  '2 "--~ ~ a; 
< 2" and  10 ' '-~ =< y < i0". Since // is rounde(1 t o  q 

s ignif icant  bi ts ,  we have :  

y =< :c + (~'--~)/~ < ,j + e" " (1) 

2"- '  _< ~. (~) 

T h e  q u a n t i t y  2 "-q = . 0 0 . . . 0 1 . 2  '~ is the  i u t e r v a l  be- 
,.) n 

tween  two sueeessive b ina ry  numbers  .y~ye . . . .  y~;.~ . I f  
~. n-1 Q n . - - I  

x = 2 , t hen  y . . . .  
Since z is rounded  to p s ignif icant  digits ,  we have:  

z =< y + ( 1 0 " - P ) / 2  < z + 10"--' .  (3) 

T h e  q u a n t i t y  t 0  ''-~' = .00 . . .  01 .10 '~ is the in te rva l  be- 
tween two successive dec imal  numbers  . z~z~. . . zv .  10 "~. 

C o m b i n i n g  ( 2 )  w i t h  !/ < 10  "~ and rephras ing  10 p 
< 2 ~-~, w e  g e t :  

2"-*  ~ y < 10"' ( 4 )  

2 *-~ < 10  -p .  (5 )  

M u l t i p l y i n g  ( 4 )  a n d  ( 5 ) ,  w e  h a v e :  

2 '~-~ < 10  ~'~-~'. 

Rephras ing  (1)  and  (3 

_ (2,~-~,)/2 

-- (lO'-v)/2 

C o m b i n i n g  (6)  wi th  (7 

), we ob ta in :  

=< z - y < (2~- ' ; ) /2  

<= y - -  z < ( l O ' - P ) / 2 .  

), we f ind:  

(6) 

(7) 

(s )  

- - ( 1 0 " - * ' ) / 2  < x - -  y < ( 1 0 " ' - ' ) / 2 .  ( 9 )  

Adding  (8) and  (9) ,  we have :  

- 1 0  ~'*-~' < x - z < 10  "~-~,, ( 1 0 )  

T h e r e % r e  x = z, and  y is accura te  to p s ignif icant  digits .  
Th i s  comple te s  the  proof  of the  theorem.  

We conclude t h a t  if 10 ~ < 2 '~< then q b i t s  are  enough 
for p -d ig i t  accuracy ,  T h e  smal les t  va lue  of q for which  this  
rule appl ies  satisfies the  inequal i t ies  2 ~-~ < I (F  < 2 q-~, 
which are  equ iva len t  to q - 2  < p . l o g g 0  < q --  1. Since 
q - 2  is a pos i t ive  integer,  we have q - -  2 = [p.log210], 
w h e r e  bracke t s  deno te  " t h e  integer [)art of ;"  in o the r  
w o r d s :  

q = [p . Iogg0[  + 2 ~ [3,322.p] + 2. (11) 

1106 C o m m u n i c a t i o n s  of the  ACM 

[[' (1 ] )  is applied Io /; /, 2, . - • , :2>;, then we0bt@l 
the f(flio\vi,~g t:dfle: 

p i 2 3 { 5 (; 7 ;', !~ I0 II /2 13 14 
q 5 8 11 15 [8 21 25 2s :~1 ;;5 ;~S 4:t 45 48 

p 15 15 17 IS 19 20 2/ 22 23 21 27; 26 27 28 
q /31 55 58 61 65 6S 71 75 75 tql 85 88 91 95 

We eoneht(h~ {/mr N bits  ~'(~ su[th'io,~l {'(w 2 digi t  aeeura(,y, 
and :28 bi ts  for 8-digil  :wr,m',c 3 . 

To show {hat 4 bits :ire m)I (,nlmgh for [(I gt a:curaev 
we c(msi(l(u' the followiI,~ vase: 

.100(),') ~'~ o r;~ ,. == S" ~"~' S 470 -10  .~e .... - ..... - == _-= 8 '  10  "" 

,100.1 ') s'.l r:/ ..... ~2 • ~ = 9'  2 ~" !L529.10 '!~ " '  --= = 10" l 0 . 

We c a n n o t  re( !over 9.  () : :*.  unless there  is fudging in the 

o u t t ) u t  r ou t i ne .  

4 .  A C o m p a c t  2 7 - B i t  I { e l ) r e s e n t a t i o n  

W e  have  seen t h a t  28 b i t s  ~u'e era)ugh for 8 digit  floating- 
point, aecu, 'acy.  W e  now ask whe the r  we can squeeze % 

signif ieant  b i t s  in to  a c o m p a c t  27-b i t  representation, for 
number s  of p rac t i ca l  impor t ance .  

Le t  us examine  a typie:fl  f loa t ing-po in t  number// 

= .YSe"  'ye:y~s-2 '~ with. 28 s ignif icant  b i ts .  We have > 
= 1, unless y = f loa t ing-po in t  zero = .00-..00.2 -~, 
where  - e  is the  smal les t  poss ible  mach ine  exponent. But 

we do not  use 5q alone, to d i s t ingu i sh  floating-point zero 
f rom other  f loa t ing-po in t  munbers .  

Le t  us now define a e o m p a e t  27-t.)it representation for 
sV)ring 28 s ignif icant  biis .  We m u s t  recognize two distinct 
eases: (1) F o r  n = - e ,  assume tha t  yes = 0 and store 
y~ye" '-?]e<ey~v. (2) For  n ~ - e ,  assume tha t  yl = 1 and 
s tore  y2ya" • "'?J~Ty~s . 

W e  can sti l l  r epresen t  f loa t ing-po in t  zero and very small 
numbers  ( .00.  • . 0 1 . 2  ~ to .11. • - 1 . t . 2  ':) wiOi the same 
27-bi t  precis ion as before,  F o r  all o the r  floating-p0in~ 

nmnbers ,  we get  the  28th s ignif icant  b i t  as a bonus. 

I f  we use the coHlt)act 27o.bit r e p r e s e m a t i o n  in mem0U, 

then  we should  stil l  use tl~.e full 28-b i l  representa t ion in the 

a r i thmet i e  registers.  Otherwise ,  the  normal ized  floating- 

po in t  ins t ruct ions  will aot, be c o m p a t i b l e  with the other 

a r i t hme t i c  instruet i (ms.  Therefore ,  each nornm/iaed 

ins t ruct ion  mus t  t r ans l a t e  from one representation to 

another ,  whenew~r ~mcessary. ()H tt inauhine  with operati0r~ 

over lap,  this  t rans la t ion  should  n o r m a l l y  occur during the 

execut ion of ano the r  h~struction. A de lay  should 0e, eur 

only when the  second of two ( :Ol iSCC/l t ive  normalized 

ins t ruc t ions  fetches the  n u m b e r  s tored  by  lhe first instruc 

Lion (a  normal ized  store i n s t ruc t i on ) ,  

Aclcnmwledgmerd. [ would l ike lo t h a n k  l)r .  R. W. 

H a m m i n g  of Bell Te lephone  I ,at)or, , lories for his sugges 

t ions and  ass is tance  in prepa, ring this paper .  

[~ECEIVI,:D A~:;OUS'r, 1966; ~U!:VmEI) Oc'rom.:k, 1966 
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